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Abstract 

The interplay among the spectrum, geometry and magnetic field in tubular neigh- 
bourhoods of curves in Euclidean spaces is investigated in the limit when the cross 
section shrinks to a point. Proving a norm resolvent convergence, we derive effec- 
tive, lower-dimensional models which depend on the intensity of the magnetic field 
and curvatures. The results are used to establish complete asymptotic expansions for 
eigenvalues. Spectral stability properties based on Hardy-type inequalities induced by 
magnetic fields are also analysed. 

Keywords: quantum waveguides, tubes, Dirichlet Laplacian, magnetic field, effective 
Hamiltonian, magnetic Hardy inequality 

1 Introduction 

This paper is concerned with spectral properties of a curved quantum waveguide when 
a magnetic field is applied. The configuration space of the waveguide is modelled by a 
tube about an unbounded curve 7 in the Euclidean space M'^, with d > 2, where e is a 
positive parameter that homothetically scales the waveguide cross section {er : r G w}. All 
along this paper cj C M'^ will be a bounded and simply connected domain. The quantum 
dynamics is governed by the Dirichlet realization of the magnetic Laplacian 

{-iV^ + bA(x)f on L'^iQ^, dx), (1.1) 

where 6 > is a positive parameter and A a smooth vector potential associated with a 
given magnetic field B. 

We are primarily interested in effective models for 2^-^^^^^ in the limit e ^ 0, which 
corresponds to the scaled cross section of the waveguide shrinking to a point. The other 
parameter with which we can play is the intensity of the magnetic field b. From a heuristic 
point of view, if b is fixed and e goes to zero, we expect that the limiting model will not 
depend on the magnetic field. Indeed, in the limit when e goes to zero, shrinks to the 
curve 7 and there is no magnetic field in dimension 1. However, the situation is much less 
clear if the parameter b is allowed to depend on e. We shall show that the effective model 
substantially depends on the smallness of eb and reveal thus different asymptotic regimes 
which lead to distinct spectral phenomena. 

In dimensions 2 and 3, the case without magnetic field and without torsion is inves- 
tigated in the famous paper of Duclos and Exner (see also subsequent generalizations 
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in [ini [2] as well as [TUl HI [Ml [211 [23 where quantum layers are analysed). In 
particular, they prove that there is always discrete spectrum below the essential spectrum 
when the waveguide is not straight but it is straight asymptotically. They also investigate 
the limit e — )> to show that the Dirichlet Laplacian on the tube il^ converges in a suitable 
sense to the effective one dimensional operator: 

£eff^_52_^ on LHl,ds). 

In addition it is proved in [9] that each eigenvalue of this operator generates an eigenvalue 
of the initial operator S^flj. 

In dimension 3 it is also possible to twist the waveguide by allowing the cross section 
of the waveguide to non-trivially rotate by an angle function 9 with respect to a relatively 
parallel frame of 7 (then the velocity 9' can be interpreted as a "torsion"). It is proved 
in |12j that, whereas the curvature is favourable to discrete spectrum, the torsion plays 
against it. In particular, the spectrum of a straight twisted waveguide is stable under small 
perturbations (such as local electric field or bending). This repulsive effect of twisting is 
quantified in [12] (see also [18l [21] ) by means of a Hardy type inequality. The interplay 
between the effects bending and twisting is illuminated in the limit e ^ when one reveals 
the effective operator [31 [3 [201 [IT] (see also [221127]): 

C^'' = -d's-^ + C{u;)9'isf on L\j, ds), (1.2) 

where C{uj) is a positive constant whenever w is not a disk or annulus. 

Writing (|1.1|) in suitable curvilinear coordinates (see (j2.8|) below), one may notice 
similarities in the appearance of the torsion and the magnetic field in the coefficients of 
the operator and it therefore seems natural to ask the following question: 

"Does the magnetic field act as the torsion ?" 

It turns out that the question of the limit e — > in the presence of a magnetic field is 
investigated in [TC] where a model operator of the form (jl.2p is derived in the case when 
the waveguide is periodic with respect to s. In particular, the restriction to 7 of the vector 
potential appears in the effective model (see [l<j\ Eq. (2.3)]) and cannot be completely 
gauged out due to the periodicity. 

Our previous remark on the fact that the magnetic field disappears in the limit e — )• 
if b is kept fixed leads us to the study up to which extent the similarity can be justified 
on the level of various smallness regimes of eb. In our paper we derive an appropriate 
effective dynamics C^^^ in each of the regimes. Especially we establish that, as soon as b 
is of order e~^, new effective operators appear and display a competition between the 
magnetic field and the torsion. Moreover, in the critical regime, we establish complete 
asymptotic expansions in e for eigenvalues below the essential spectrum. This regime 
e6 ~ 1 is critical in the sense that e6 ^ 1 is a semiclassical regime (which is beyond the 
scope of this paper). 

Two-dimensional waveguides with magnetic field were previously investigated in [11] . 
The authors prove that, as in the case with torsion, there is a Hardy type inequality in 
the straight waveguide: 

[ \{-iV + b/K)^\^ dx - [ \ij\^dx>C [ dx, (1.3) 



2 



for ^ S -f^d(IR X (—1,1)), where C is a positive constant whenever the magnetic field 
is not identically zero, and they use it to ensure the stability of the spectrum under 
small perturbations. In this paper we extend the inequality (|1.3p to any dimension d and 
investigate the dependence of the constant C on the magnetic field. We also establish the 
spectral stability properties in the full generality. 

The organization of the paper is as follows. In the forthcoming Section 2 we present 
our main results in detail. The remaining sections are devoted to proofs. The effective 
models together with asymptotic expansions for eigenvalues in dimension two (respectively, 
three) are derived in Section [3] (respectively, Section U]). The magnetic Hardy inequality 
in arbitrary dimension and associated spectral stability are established in Section O 

2 Main results 

A precise statement of our results requires to start with some technical prerequisites. 

2.1 Magnetic field 

Let A : ilg ^ M"^ denote a smooth vector field, which will play the role of our magnetic 
potential. In the canonical coordinates of W^, denoted here by x = {xi, • • • , x^), the vector 
potential induces a 1-form 

d 

= ^Aj{x)dXj. 
3=1 

Its exterior derivative is given by: 

o-B = d£,A= ^ Bij dxi A dxj, where Bij = dx^Aj - dx^Ai 

l<i<j<d 

are coefficients of the magnetic tensor. In dimension 2, respectively 3, the magnetic field B 
can be identified with the scalar, respectively the vector: 

B = Bi2, respectively B = (B23, -B13, B12). 

We will assume throughout the whole paper that B has compact support. 

Remark 2.1. Since u is simply connected, all our results will only depend on the magnetic 
field B. This is convenient in order to compare the geometric effect of torsion with a 
physical quantity. If it were not the case, one should slightly adapt our proofs and we 
would get results involving the vector potential A. 

2.2 Two-dimensional waveguides 

Let us consider a smooth and injective curve 7: M 9 s 1— )• 7(5) which is parameterized by 
its arc length s. The normal to the curve at 7(5) is defined as the unique unit vector z^(s) 
such that 7'(s) • z^(s) = and det(7',zv) = 1. We have the relation 7"(s) = — k(s)z^(s) 
where k{s) denotes the algebraic curvature at the point j{s). 

We can now define standard tubular coordinates. We consider: 

M X (-£, e) 3 (s, t) ^ $(s, t) = 7(s) + ti/(s). 

We always assume 

$ is injective and esup|K(s)| < 1. (2.1) 
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Then it is well known (see |19j ) that ^ defines a smooth diffeomorphism from M x (—e,e) 
onto the image $7^ = $(M x (— e,e)), which we identify with our waveguide. 

Up to changing the gauge, the Laplace-Beltrami expression of £^ in these coordinates 
is given by (see [131 App. F]): 

4m = - t<s)y\ids + Mi)(l - tK(s))-i(ia, + bAi) - (1 - tK(s))-iat(l - tK{s))dt, 
with the gauge: 

^(s,t) = (^i(s,t),0), Ai{s,t)= [ {l-t'K{s))Bi^{s,t'))dt'. 

Jo 

We let: 

m{s,t) = (1 -tK(s))~^/^ 

The self-adjoint operator on L^(IR x (— e, e), mds dt) is unitarily equivalent to the 

self-adjoint operator on L^(M x {—e,e), dsdt): 

Introducing the rescaling 

t = ET, (2.2) 

we let: 

Ae{s,T) = {Al,e{s,T),0) = {Al{s,eT),0) 

and denote by J^f\j^^ the homogenized operator on L^(M x (—1, 1), dsdr): 

4V = ^^('^^ + bAi,s)ml{ids + bAi.e)me - e-^dl + K(s, r), (2.3) 



with: 



me(s, r) = m(s, er), ^^(s, r) = — (1 - eK(s)r)"^. 
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Henceforth we assume that the curvature k has compact support. Recalling that 
also B is supposed to be smooth and have compact support, it is easy to verify that C), 
defined as Friedrichs extension of the operator initially defined on Cq°(]R x (— e,e)), has 
form domain -ffo(M x [—e,e)). Similarly, the form domain of is -f^o(lR x (—1) !))• 

2.3 Three-dimensional waveguides 

The situation is geometrically more complicated in dimension 3. We consider a smooth 
curve 7 which is parameterized by its arc length s and does not overlap itself. We use 
the so-called Tang frame (or the relatively parallel frame, see for instance |20j ) to describe 
the geometry of the tubular neighbourhood of 7. Denoting the (unit) tangent vector by 
T{s) = 7'(s), the Tang frame (r(s), M2(s), M3(s)) satisfies the relations: 

T' = K2M2 + K3M3, 
M'2 = -K2T, 
M'^ = -K3T. 

Here K2 and K3 are curvature functions relative to the choice of the normal fields M2 
and M3. Although the latter (and therefore the former) are not uniquely defined, = 
'^i + '^i = |7"P is j^st the square of the usual curvature of 7. 
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Let : M ^> M a smooth function (twisting). We introduce the map $ : M x (eu) fig 
defined by: 

X = <l>{s,t2,t3) =7(s) + t2(cos^Af2(s)+sineM3(s))+t3(-sin0M2(s) + cos0M3(s)). (2.4) 

Let us notice that s will often be denoted by ti. As in dimension two, we always assume: 

$ is injective and e sup (|r2| + Iraj) sup|k(s)| < 1. (2.5) 

{T2,T3)ew seM 

Sufficient conditions ensuring the infectivity hypothesis can be found in [12t App. A]. 
We define A = D<^A{^) = (^1,^2,^3), 

h = 1 — ^2(^2 cos + K3 sin 0) — t3(— K2 sin + K3 cos 0), 

/i2 = -t2e', 

and TZ = /i36^2 + h2bA3. We also introduce the angular derivative da = ts^jj — i2f^t3- 
We will see in Section H] that the magnetic operator £^ is unitarily equivalent to the 
operator on L^(f]j, hdt) given by: 

4m = E h~H-idt,+bAj)h{-idt^+bAj) 

i=2,3 

+ h~^{-ids + bAi - iO'da + lZ)h~^{-ids + bAi - iO'da + 7^). (2.6) 

By considering the conjugate operator h^^'^£!-^\j^h~^^'^ , we find that -C|,'^[_4 is unitarily equiv- 
alent to the operator defined on L^(]R x (ei^;), dsdt2dt3) given by: 

i=2,3 

+ h-^/'^i-ids + bAi - ie'da + n)h~^{-ids + bAi - iO'd^ + TZ)h'^'^ . (2.7) 
Finally, introducing the rescaling 

{t2,t-i) = e{T2,n) = er, 
we define the homogenized operator on L^(M x w, dsdr): 

i=2,3 ^ 

+ h-^/'^{-ids + - i^'Sc, + Tie)h~^{-ids + Mi,^ - + 7^£)/^7^/^ (2.8) 

where ^£(s, r) = ^(s, er), /ie(s, r) = /i(s, er) and IZ^ = TZ{s, er). 

Henceforth we assume that k and 9' have compact supports. Again, it is possible to 
verify that the form domains of ^^e H^R x (-e, e)) and H^.iR x (-1, 1)), 

respectively. 
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2.4 Limiting models and asymptotic expansions 



We can now state our main results concerning the effective models in the limit e — > 0. We 
will denote by A,[^"^(a;) the n-th eigenvalue of the Dirichlet Laplacian — A^"' on L^(w). The 
first positive and L^-normalized eigenfunction will be denoted by Ji. 

Definition 2.2 (Case d = 2). For 6 € (— oo, 1), we define: 



and for 6 = 1, we let: 
where 



eff,[2] 
e.S 



2 A Dir 
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7-[2] 



+ ( o + ^ ) B(7(s)) 



Theorem 2.3 (Case d = 2). There exists K such that, for all 6 G (— oo, 1], there exist 
eo > 0, C > such that for all e G (0, eo)- 



C 



[2] 



-1 



eff,[2] 
e,<5 



e-'^Xfiu:) + K 



< Ce^-\ for6<l 



and: 



2 \Dir/ 



< Ce. 



In the critical regime 6 = 1, we deduce the following corollary providing the asymptotic 
expansions of the lowest eigenvalues Xn\s) of ■ 

Corollary 2.4 (Case d = 2 and 6 = 1). Let us assume that T'^^ admits N (simple) 
eigenvalues Ho,-- - , fJ-N below the threshold of the essential spectrum. Then, for all n G 
{!,••• A^}, there exist {jj,n)j>o ct'iT'd > such that for all e G (0,eo)-' 



with 



7-2,n 



TT 

T 



7-l,n = 0, 7o,ri = l^n- 



Thanks to the spectral theorem, we also get the approximation of the corresponding 
eigenfunctions at any order (see our quasimodes in (|3.9p ). 

In order to present analogous results in dimension three, we introduce supplementary 
notation. The norm and the inner product in L'^ioj) will be denoted by || • ||^; and (•, 
respectively. We also use the standard notation Dx = —idx- 

Definition 2.5 (Case d = 3). For 6 G (— oo, 1), we define: 

K{sf 



eff,[3] 

e,<5 



2 ol2 



^We write /i(e) ~ Xlj>jo Mj^^ when for all J > jo we can find £o > and C > such that for e € (0, eo) 
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and for 5 = 1, we let: 



where T^^' is defined by: 



^eff,[3] 



rt^l = {{-ids - ie'da - Bi2{s, 0, 0)r2 - Bvi{s, 0, Q)T^f\d{s) Ji, ld(s) ® Ji) 



+ Si3(s,0,0) 



IrJi 



{DaRuj, Jl) 



with being given in (j4.6p and 

^23(^,0,0) 
^13(5,0,0) 

Si2(s,0,0) 



B(7(s))-T(s), 

B(7(s)) • {cose M2{s) - smO Nh{s)), 
B(7(s)) • (-sineM2(s) + cos0M3(s)). 



Theorem 2.6 (Case d = 3). There exists K such that for all 5 G (— oo,l], there exist 
eo > 0, C > such that for all e e (0, Eq): 



,[3] 



and: 



C 



eff,[3] 
e,<5 



< Ce^~^ /or 5 < 1 



[3] 



e^^XY"{oo) + K 



^eff,[3] 



e~^XY"{io) + K 



-1 



< Ce. 



f3l 

In the same way, this theorem imphes asymptotic expansions of eigenvalues An (e) of 

Corollary 2.7 (Case d = 3 and 6 = 1). Let us assume that T^^^ admits N (simple) 
eigenvalues fo, ■ ' ' ,i^N below the threshold of the essential spectrum. Then, for all n G 
{1, • • • N}, there exist (7j,n)j>o ^^^^ > such that for all e € (0, Eq): 



j>0 



■2+i 



with 



7_2,n = Xi"{uj), 7. 



■l,n 



0, 70,n = 



As in two dimensions, we also get the corresponding expansion for the eigenfunctions. 
Complete asymptotic expansions for eigenvalues in finite three-dimensional waveguides 
without magnetic field were also previously established in [171 [2] . Such expansions were 
also obtained in |16j in the case (5 = in a periodic framework. 

We refer to Sections [3] and [H for proofs of the results in the case of dimension 2 
and 3, respectively. In agreement with the expectation mentioned in the introduction, no 
magnetic effect can be observed via the limiting models provided that the quantity eb is 
negligible in the limit as e — )• 0. On the other hand, in dimension 2 the magnetic field plays 
the same (repulsive) role as the torsion in dimension 3 provided that eb is of order one. 
The effect of magnetic field is much more complex in dimension 3 in the latter regime. 



7 



2.5 A Hardy inequality in straight magnetic waveguides 

In dimension 2, the limiting model (with 6 = 1) enlightens the fact that the magnetic field 
plays against the curvature, whereas in dimension 3 this repulsive effect is not obvious (it 
can be seen that (DaRu), Ji)u) > 0). Nevertheless, if cj is a disk, we have {DaR^, Ji)^ = 
and thus the component of the magnetic field parallel to 7 plays against the curvature (in 
comparison, a pure torsion has no effect when the cross section is a disk). In the flat case 
[n = 0), we can quantify this repulsive effect by means of a magnetic Hardy inequality 
(see Section [5] for the proofs). 

Theorem 2.8. Let d > 2. Let us consider U = R x u. For R> 0, we let: 

n{R) = {ten: \ti\ < R}. 

Let A be a smooth vector potential such that ctb is not zero on n(i?o) for some Rq > 0. 
Then, there exists C > such that, for all R > Rq, there exists Cij(B) > such that, we 
have: 

I |(_iv + A)V'p-A?'^(a;)|^|2di> / ^^jV^^dt, € Co°°(J^). (2.9) 
Moreover we can take: 

cr{E) = (1 + CR~Y' i^in Q, A?'^'^^"(B, m)) - A?'^(^)) , 

where )^"'^^^{S,Q.{R)) denotes the first eigenvalue of the magnetic Laplacian on Q.{R), 
with Dirichlet condition on M x duj and Neumann condition on {\s\ = R} x u. 

Remark 2.9. The diamagnetic inequality (see for instance ]\2>\ Prop. 2.1.3]) implies that 
A°'''^'"(B,0(i?)) > A°'''^^"(0,O(i?)) > If B does not vanish on 0(i?), we have: 

lim Cij(6B) = \ (l + C7i?-2)"\ 

In this sense we could say that the constant ^ , coming from the standard Hardy inequality 
in dimension 1, is optimal. Moreover, Theorem 12.81 generalizes the one of [TT] to any 
dimension and provides a very simple Hardy constant cr(B) which explicitly displays the 
relation between diamagnetism and the existence a magnetic Hardy inequality. Since B is 
compactly supported, thanks to perturbation theory, we can show that c(6B) ~ dP' for 

some positive c. In particular we recover the behaviour of the explicit constant of [llj . 

2.6 Spectral stability due to the magnetic field 

The inequality of Theorem 12.81 can be applied to prove certain stability of the spectrum 
of the magnetic Laplacian on under local and small deformations of il. Let us fix 
e > and describe a generic deformation of the straight tube VL. We consider the local 
diffeomorphism: 

d 

^e{t) = <^e{s, t2,t3) = (s, 0, • • • , 0) + ^(t^- + ej{s))Mj + £i{s), 

i=2 

where {Mj)j^2 is the canonical basis of {0} x M'^"^. The functions Sj and £1 are smooth 
and compactly supported in a compact set K. As previously we assume that is a global 
diffeomorphism and we consider the deformed tube O^^^'^ = <I>e(M x lo). 
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Proposition 2.10. Let d>2. There exists Eq > such that for £ G (0,eo), the spectrum 
of the Dirichlet realization of (— «V + A)^ on Q^^^''^ coincides with the spectrum of the 
Dirichlet realization of {—iV + A)^ on ft. The spectrum is given by [X^"^{lo), +oo). 

As we have noticed in Remark 12.91 ^ large magnetic field does not increase very much 
c(B). Nevertheless in the large magnetic field limit (which is equivalent to a semiclassical 
limit with parameter h = b~^), it is possible to prove a stability result which does not use 
the Hardy inequality. 

Proposition 2.11. Let Rq > and ^{Rq) = {t € M x : \ti\ < Ro}. Let us assume that 
f B = d^A does not vanish on ^{^l{Ro)) and that on \ <I>(J7(i2o)) the curvature is zero. 
Then, there exists 6o > such that for b>bQ, the discrete spectrum o/£^'^[^ is empty. 

2.7 Norm resolvent convergence 

Finally, let us state an auxiliary result, inspired by the approach of [15], which tells us 
that, in order to estimate the difference between two resolvents, it is sufficient to analyse 
the difference between the corresponding sesquilinear forms as soon as their domains are 
the same. 

Lemma 2.12. Let £1 and £2 two positive self-adjoint operators on a Hilbert space 
H. Let *Bi and ^2 be their associated sesquilinear forms. We assume that Dom(^i) = 
Dom(*B2). Assume that there exists 1] > such that for all (p,ip Dom(*Bi).' 



where Q.j{<f) = 99) for j = 1,2 and (p G Dom(!Bi). Then, we have: 

Proof. The proof can be found in pOl Prop. 5.3] but we recall it for the convenience 
of the reader. Let us consider (^,-0 e H. We let 4> = and ip = ^^i^tp. We have 

(p,ip € Dom(«8i) = Dom(«B2). We notice that: 



and: 

We infer that: 

((£r'-£2"')'^>v^)| <r/ii£r'iiii£2'i 

and the result elementarily follows. □ 
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3 Proofs in two dimensions 
3.1 Proof of Theorem [211 

2 

Let us consider 5 < 1 and K >2 sup ^ . 
A first approximation We let: 



[2] _ .[2] 



and 



The corresponding quadratic forms, defined on Hq{^1), are denoted by q[^^ and Q^^j^ 

[21 [21 

whereas the sesquihnear forms are denoted by B), ^ and ^. We can notice that: 



< Ce 



so that the operators c}^^^ and are invertible for e small enough. Moreover there 

exists c > such that for all (p S Hq{^): 



q5(^) > ciiv^r, Q:r^'M>cii^r. 

Let (j),'ip £ Hq{Q,). We have to analyse the difference of the sesquihnear forms: 
We easily get: 



app.[2]/ 



We must investigate: 



We notice that: 



{m^(ids + bAi{s, er))m£(/), (zS^ + Mi(s, £T))m^tjj). 
\dsm£\ < Ce, |m£ — 1| < Ce. 



We have: 

|(m^(i9s + 6^i(s,er))me0, (ic^s + 5^i(s, er))(me - l)Tp)\ 

< Ce\\mi;{ids + bAi{s, eT))?ne(/)||(||^|| + ||m£(z(9s + bAi{s, er) 

< Ce{\\{ids + 6^i(s,er))0|| + \\mm + ||m,(ia, + 5^i(s, er))V|l). 



(3.1) 



By the Taylor formula, we get (since 6 <1): 

|^i(s,er) - e5B(s,0)T| < Che^ < Ce. 

so that: 

\\{ids + bAi{s,eT))())\\ < \\{i^s + ebB{s,0)T)^+Cbe^ 
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We infer that: 

|(m^(i9s + bAi{s,eT))me(l), {ids + Mi(s,er))(me - l)^')! 



< Ce 



It remains to analyse: 

{ml{ids + Mi(s,er))me(/», {ids + 6^1 (s, er) )?/;). 
With the same kind of arguments, we deduce: 

\{ml{ids+hAi{s,£T))me4', {ids+hAi{s,£T))ii) - {{ids+hAi{s,eT))(t), {ids+hAi{s,eT))ii)\ 



-)apP.[2]/ 



We again use (|3.ip to infer: 



{{ids + bAi{s,eT))(t), {ids + bAi{s,£T))ilj) - {{ids + bAi{s,eT))cP, {ids + 6eB(s, O)r)'0)| 

< Ce\\{zds + bA,{s,eTmM. < Ce,/^^),/^f%^). 
In the same way, we deduce: 



{{ids + bAi{s, £t))(P, {ids + bAi{s, er))^') - {{ids + b£B{s, 0)r)(/), {ids + b£B{s, O)r)'0)| 



We get: 



By Lemma I2. 121 we infer that: 



Case S < 1. The same kind of arguments provides: 



< Ce. 



(3.2) 



By Lemma l2. 121 we get that: 



< Ce 



1-5 



Case 5=1. This case is shghtly more comphcated to analyse. We must estimate the 
difference the sesquilinear forms: 
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We have: 

V,{<t),^) = (ia,</.,B(s,0)rV') + (B(s,0)r</.,z9,V) + (B(s,O)V0,V> - ||r Ji ||2 (B(s, O)^,^, ^). 
We introduce the projection defined for € Hq{Q): 

and we let, for all ip G Hq{Q): 

V^ll = noi/3, ip^ = {\d -Uo)ip. 

We can write: 

By using that (rJi, Ji)^ = 0, we get: 

V'") =0. 

Then we have: 

||rJi||2(B(s,0)VU^) =0, |(B(s,0)2tVU^)| <C||,/.II||||^^||. (3.3) 
Thanks to the min-max principle, we deduce: 

Therefore we get: 

|(B(s,0)VVU^)| < CeU\\^/^f%p^). 

We have: 
We can write: 

= + B(s,0)r)V",(ia, + B(s,0)r)^^). 

We notice that: 

{iid,)i;K{ids)^P^) = 0, ms,0)T^pKB{s,0)Ti;^)\<C\\^p\\\\\\^P^\\<C\\^pf. (3.5) 
Moreover we have: 

\{i^^s)^|;KBis,0)r^P^)\<C\\i^^s^|;)\\\\U^^^ 

The term Bl^^'^^\^p^ , ip^ can be analysed in the same way so that: 
We infer: 



i(B(s,o)V2(/>ii,V'^)i < ceuw {\m + /qJP^) • 



(3.6) 
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We must now deal with the term 

(i5,(/.ll,B(s,0)rV^^). 

We have: 

\{idscl)KB{s,0)Tij^)\<C\\ids<P\\W 

and we easily deduce that: 



\{i^JKBis,0)T^l^^)\ < Ce^ Qt'f\^) (^\m + ^Q^^^) , (3.7) 



We also get the same kind of estimate by exchanging tp and (p. Gathering p.3p . p. 5 
()3.6p and (13.70 . we get the estimate: 



By exchanging the roles of ip and (j), we can also prove: 

We must estimate 'D^{(l)-^ ^ip-^). With \2>A\ . we immediately deduce that: 

KB(s,0)VV,V^^) - |1tJi||2(B(s,0)V,V'^)I < Ce2||</ 
We find that: 

and this term can treated as the others. Finally we deduce the estimate: 

We apply Lemma 12.121 and the estimate ()3.2p to obtain Theorem 12.31 
3.2 Proof of Corollary D 

Let us expand the operator in formal power series: 

3=0 

where 

La = -dl Li = 0, L2 = (i9.+rB(s,0))2-^. 



We look for a quasimode in the form of a formal power series: 



and a quasi-eigenvalue: 



We must solve: 



j>o 

(Lo - 7o)^^o = 0. 
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We choose 70 = ^ and we take: 

'ipo{s,t) = /o(s)Ji(r), 
with Ji(t) = cos (^)- Then, we must solve: 

(Lo - 7o)V'i = TiV'o- 
We have 71 = and -01 = fiis)Ji{T)- Then, we solve: 

(Lo - 7o)V'2 = 72^io - L2U0. (3.8) 
The Fredholm condition implies the equation: 

-d'j + B(-,0)' - ^) /o = n^Vo = 72/0 

and we take for 72 = 72,n = /in a negative eigenvalue of T^^' and for /g a corresponding 
normalized eigenfunction (which has an exponential decay). 
This leads to the choice: 

t/'2=02^(s,r) + /2(s)Jl(T), 

where 0^2" is the unique solution of (13. 8p which satisfies {ip2^Ji)r = 0. We can continue 
the construction at any order (see [H [8] where this formal series method is used in a 
semiclassical context). We write (7j,n5 V'j.n) instead of (7j, V'j) to emphasize the dependence 
on n (determined in the choice of 72). We let: 

J J 

^J,n(e) = e>i,n, and rj,„(e) = e"^+^7i,n. (3.9) 
j=o 3=0 

A computation provides: 

ll(<U-rj,n(^))*J,n(e)||<Ce-^+^. 

The spectral theorem implies that: 

dist(rj,„(e),adis(4MJ) ^ 

It remains to use the spectral gap given by the approximation of the resolvent in Theo- 
rem 12.31 and Corollary 12.41 follows. 



4 Proofs in three dimensions 

4.1 Preliminaries 

We will adopt the following notation: 

Notation 4.1. Given an open set U <ZW^ and a vector field F = F(?/i, • • ■ ,yd) : U 
in dimension d = 2, 3, we will use in our computations the following notation: 



curl F 




Fl if d = 2, 

- dy^ F2, dyj Fl - dy^ F3, dy^ F2 " Oy^ F i) ifd = 3. 



The reader is warned that, if{yi,-" ,yd) represent curvilinear coordinates, the outcome 
will differ from the usual (invariant) definition o/curl . 
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We recall the relations between A, B and A, B. This can be done in terms of differential 
forms. Let us consider the 1-form: 

= Ai dxi + A2 dx2 + A3 drc3. 

We consider $ the diffeomorphism defined in ()2.4p . The pull-back of by $ is given by: 

^>*^A = Ai dti + A2 dt2 + A3 dts. 

where A = *I?<I>A(<I>) since we have x = <I>(t) and we can write: 

3 

dxi = ^ djXi dtj. (4.1) 
i=i 

We can compute the exterior derivatives: 

d^A = B23 dx2 A da;3 + B13 dxi A dx^ + B12 dxi A dx2 

and 

d{^*^A) = B23 dt2 A dt3 + Bi3 dti A dt3 + Bu dh A dt2, 

with B = curl A and B = curl A (see Notation 14. ip . It remains to notice that the pull-back 
and the exterior derivative commute to get: 

and, using again (|4.ip . it provides the relation: 

B = *Com(L>^>)B = det(L>$)(D$)-^B, 

where ''Com{D^) denotes the transpose of the comatrix of D^. Let us give an inter- 
pretation of the components of B. A straightforward computation provides the following 
expression for D^: 

[hT{s)+h2ismeM2-cos eM3)+h3{- cos 6lM2-sin6'M3), cos 6iM2-Fsin6'M3, - sin6lM2-Fcos6'M3] 
so that det = h and 

B23 = h{h'^+hl+hlY^/^^-T{s), Bi3 = -hBi-cos9M2-smeM3), B12 = /iB-(- sin ^M2+cos eM3). 

Let us check that ^flja^ (whose quadratic form is denoted by H^'^Ija) is unitarily equivalent 
to £^ given in (j2.6p . For that purpose we let: 

G = 

and a computation provides: 

//l2 + hl + hl 
G=\ -h3 

\ -h2 

and: 

= I 1 I + I /i3 I (1 hs /12) . 
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-h3 


-h2 


1 








1 




We notice that |G| = . In terms of quadratic form we write: 

Jm.x(£lu) 



and 



W = [ {\{-idt, + M2)V'|' + \{-idt, + 6^3)V'|') hdt 

jRxieuj) 

+ / h-^\ {-ids + bAi + hsi-idt^ + 6^2) + h2{-idt., + M3)) i^? hdt 



so that: 



= [ {\{-idt,+bA2)i^\'^ + \i-idt,+bA3)i^\'^ + h"^\{-ids + bAi-ie'da, + n)^\'^) hdt. 

Choice of gauge Since w is simply connected (and so is 0^) we may change the gauge 
and assume that the vector potential is given by: 

A( , t2t3dsB23{s,0,0) „ . ~ , 

Al{S,t2,t3) = / Bi2{s,t2,t3)dt2 - 613(5, 0, ts) dts, 

^ JO Jo 

^3^23(^,0,0) . . 

A2{s,t2,t3) = , (4.2) 

. t , ^2^23(^,0,0) ^ . ~ . 

A3{s,t2,t3) = h/ 623(5,^2, is) dt2- 

^ JO 

In other words, thanks to the Poincare lemma, there exists a (smooth) phase function p 
such that D<^fK{^) + Vtp = A. In particular, we have: ^j(s,0) = Q,djAj{s,Q) = for 
J G {1,2,3}. 

4.2 Proof of Theorem [Ml 

2 

Let us consider 5 <1 and K > 2 sup ^ . 
A first approximation We let: 

^e,5 - ^e,s-^A, ~^ (w) + K 

and 

= E {-ie-'dr^+bA^;",f + (-ids + bA",-i9'd^f-'^-e-'d',-e-'xY"{u^ 

j=2,3 



where: 



A^",{s, t) = Aj{s, 0) + eT2d2Aj{s, 0) + eT3d3Aj{s, 0). 

,[3] 

the difference of the corresponding sesquilinear forms: 



We recall that A is given by (14.21) and that C _s . is defined in (12.81) . We have to analyse 



efJ(<A,^)-sr/'''l(</',V). 
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Let us deal with the term: 

{hj^{-ids - ie'da + ne)h-^/'^cp, {-ids - i9'da + ne)hj^^^jp). 
Since we have \{—ids — id'da)he j < Ce, we get: 

\{h~\-ids - i9'da + 7e,)/i-i/2^, {-ids - io'da + ne){hj'/^ - 

< Ce\\h^'/\-ids - ie'da + 7^e)/^-^/Vll(IIV'll + \\{-ids - ie'da + 

and we get: 

\{h-\-ids - ie'da + ne)h-^'^(^, {-ids - ie'da + Tie){hj^''' - 1)^)1 

< ce {\\<t>\m\ + ii0|iVq5(v) + \m4^f^) + \f^^)4W!M) 

With the same kind of estimates, it follows that: 

\{h~\-ids - ie'da + 7^e)/l7'/'0, {-ids - ie'da + n,)h~^'^ip) 

- {{-ids - ie'da + ne)ci), {-ids - ie'da + 7^,)^)| 

With the Taylor formula we notice that: 

\A,,e{s,r)-A^;",{s,T)\<Ce\ 

We notice that \TZs\ < Ce due to the properties of the vector potential A (see (j4.2|) ). Then 
we can apply the same technique as in Section [3] to deduce: 



<ce^Q:7'^'\4>)^Qtm 

< Ce. 



and then: 



(4.3) 



Case 6 < 1 This case is similar to the case in dimension 2 since | < Ce^ . If we 

let: 



app2,[3] 

e,<5 



Y,{-ie~^dr^f + {-ids-ie'd, 

J=2,3 



'\f 



e-''dl-e~''\T{^) + K, 



2 xDir^ 



we easily get: 



^^apj52,[3]>j_l _ ^^apj5,[3]>j_l 



< Ce 



It remains to decompose the sesquilinear form associated with /^^PP^'t^] by using the 
thogonal projection Hq and the analysis follows the same lines as in dimension 2. 



or- 



Case 5 = 1 This case cannot be analysed in the same way as in dimension 2. Using the 
explicit expression of the vector potential ()4.2p . we can write our approximated operator 
in the form: 



/-app2,[3] 



-e ^id. 



T2 



+{-ids - ie'da - T2l3i2{s, 0, 0) - T3Bi3{s, 0, 0))^ - e-2A?-(a;) + K. 
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Perturbation theory Let us introduce the operator on L'^{oj) (witli Dirichlet boundary 
condition) and depending on s: 



^23(S,0,0) 



^23(5, 0,0) 



-T2 



Thanks to perturbation theory the lowest eigenvalue z^i,£(s) of Vei^s) is simple and we may 
consider an associated normalized eigenfunction U£{s). Let us provide a estimate for the 
eigenpair (i^i_£(s), ^^(s)). We have to be careful with the dependence on s in the estimates. 
Firstly, we notice that there exist eo > and C > such that for all s, e € (0,eo) and all 



-e ^idr 



^23(5, 0,0) 



T3 ip 



+ 



-e ^idr-, + 



^23(5, 0,0) 



T2 V' 



dr 



> e 



' [ \^r,^\^ + \^r,^P\'dT-CE-^Uf. (4.4) 



From the min-max principle we infer that: 



(4.5) 



Let us analyse the corresponding upper bound. Thanks to the Fredholm alternative, we 
may introduce R^^ the unique function such that: 



(4.6) 



We use We = Ji + eB23{s, 0, 0)Ruj as test function for and an easy computation provides 
that there exist Eq > and C > such that for all s, e € (0, Eq): 



\rJi\ 



{DaRiLj , J 



1 U) 



< Ce. 



The spectral theorem implies that there exists n(e, s) > 1 such that: 

IrJill,^ 



{DaRoj, Jl) 



< Ce. 



Due to the spectral gap uniform in s given by (j4.5p we deduce that there exist eo > and 
C > such that for all s, e £ (0,eo): 



This new information provides: 



\rJi\ 



{DaRuj, Jl) 



< Ce. 



and thus: 



{V^-ui,sis))v4<Ce 



\{Vl - Vl,e{s)) {Ve - {Ve,Ue)uUe)\\^ < Ce. 



SO that, with the spectral theorem and the uniform gap between the eigenvalues: 

\\Ve - {v£,Ue)cuUs\\^ < Ce^. 
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Up to changing Us in —Us, we infer that : 

\\{Ve,Ue)u \ - \\Ve\\oj\ < Ce^, \\Ve - l^eLtielL < Ce^. 

Therefore we get: 

\\Ue - VeW^ < Ce , Ve = T. 77- 

and this is easy to deduce: 

\\Vr,,rs{ne-v,)\l<Ce\ (4.7) 
Projection arguments We shall analyse the difference of the sesquilinear forms: 

We write: 
where 



and 
with: 

M = {-ids - iO'da - T2Bi2{s, 0, 0) - T3ei3(s, 0, 0)) ' , 
X^ff = {{-ids - iO'da, - Bi2{s, 0, 0)t2 - ^13(S, 0, 0)T3)2|d(s) Ji, ld(s) Ji)^. 

Estimate of 'D^^i{<j),^) We introduce the projection on ne(s): 

Ue^s^ = {ip,Ue)ojUs{s) 

and, for (p G i?Q(rj), we let: 
We can write the formula: 

where V'" = HoV' = {4^, Ji)u) Ji and ifj^ = ^ — -(/jll. 

Remark 4.2. We notice that the decomposition of the sesquilinear form is performed 
with respect to the two projections Ho and Ilg^s. This is due to the fact that we need to 
catch the effect of the magnetic field in the subprincipal terms. 

Let us analyse ^/^H). We have to estimate: 

(i^D^ + + -!)) ^'K^") - (^i^^ {\\rJ,\\l - MD^R^,J,)^) ^IK^II^ 
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We notice that: 



2 



< C 



I {T^UeJl-T^Jl)dT 



Thanks to the approximation result, we get (uniformly in s): 



/ (rVJi-r2j2)dT 



< Ce 



and thus: 



rJi||^</'IKV'' 



<ceu\m- 



Then, we get: 



DaVe, {(l),Ue)ujJl 



and a computation gives: 

and in the same way we get: 

{B23{s,0,0f{^l;,J^)^,{cf>,u,U - (^23(5, 0, 0) < Ce||</.|| ||^||. 

Therefore we deduce: 



Let us now deal with 'D^^i{(p^^^ We notice that: 

IIV'^II < Ce\\e-^Vi;^\\ < Ce\\e-^Vi;\\, 
since (VV'" , V'0"'") = (— A'-'"''0l! , ■0-'-) = 0. In addition, we easily get: 

\\e-'vn<C^Qlf^^'\ij) + C\m. 

Therefore we deduce that: 



U^\\<Ce^JQl'f'^'\i^)■ 
The most delicate term to analyse is: 

<CU^\\\\Ve<p\\^\\+C\\^p' 

But we have: 
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and: 
so that: 



The term Pg^i ^/^H) can be analysed with the same arguments since we have: 

Ce"2||^^.||2 < ||p^0^^||2 < \\Ve4>f<C\\e-^y(t)f + CUf<CQff\cp). 

The investigation of T>^^i{(f)-^^ ^tp-^) goes along the same lines. Therefore we have proved 
that: 

|P,,i(^,V')| < Ce^^f^)^^^). (4.8) 

Estimate of 'Di;^2{<P, ip) We use the decomposition of cf) and "0 with respect to Ji and its 
orthogonal. We have: 

Let us explain how to deal with term P2,e('?^") V^"*")- The worst term can be bounded by 
IIc^sCt!)!! II and we have: 



Wdscl^H < \\dsH < CQf{^^\cl>) + C\m < CQl';{' 
In addition we have: 

Ce-'U^f < Ik'^VV^^f < ||e"iVV^f < CllPeVf + CUf < CQ^^f '^'1 
We infer that: 

l|5.<^ii|||iv^ll < ceyo^f^yoj^. 

The analysis of 'D2,ei<P'^ ^^'^ ^2,e(0"'") V'"'") can be performed in the same way and we 
get 

< Ce^^^^)^[^^). (4.9) 
Combining (j4.8p and (j4.9p . we infer that: 



,eff,[3]. 



With Lemma 12.121 we infer: 



^app2,[3] 
'-eA 



eff,[3] 



< Ce. 



(4.10) 



Finally we deduce Theorem 12.61 from (|4.3p and (j4.10p . 
4.3 Proof of Corollary [27fl 

For the asymptotic expansions of the eigenvalues claimed in Corollary \2.7\ we leave the 
proof to the reader since it is a slight adaptation of the proof of Corollary 12. 4[ 
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5 Repulsive effect of magnetic fields 

5 . 1 Proof of Theorem [M] 

Let us perform a preliminary computation. 

Lemma 5.1. We have, for all R > and (j) € Cq^{Q): 

[ |(-iV + A)Ji0pdi = [ jf|(-iV + A)0|2dt + A?''H / Jfl^pdt. (5.1) 
Jn{R) Jn{R) Jn(R) 

Proof. We have, for all > and (f> € C^f (Jl): 

/ [(-iV + A)Ji0pdt= / I -i(^VJi + Ji(-iV + A)(/.p dt. 
Jn(R) Jn(R) 



This becomes: 



/ |(-iV + A)Ji</.|2dt 
Jn{R) 

= [ |(/.p|VJi|2dt+ / jf|(-iV + A)(/.|2dt + 2K ( /" ^JiVJi • V(/)dt 
Jn{R) Jn{R) \Jn{R) 

= [ |0p|VJipdt+ / jf\{-iV + dt + [ JiVJi • V(|(^p) dt 
Jn{R) Jn(R) Jn(R) 

= [ |(^p|VJipdt+ / Jf\{-i\7 + dt - [ V-(JiVJ 
Jn(R) Jn(R) Jn(R) 



i)\(p\'^dt. 



□ 

Following an idea of jU], for V' G C^i^) we let ip = Ji<j), with G C^(J^) We deduce: 



-iV + A)^|2- A?'^(a;)|^|2dt = / jf|(-iV + A)(/.|2 dt. 



.Dirr, ,M„/,|2 - I t2i 

Let us now establish a lower bound for J^|(— iV + A)(^pdt. Let us introduce a partition 
of unity: 

xl,Ris) + xI,r{s) = 1, 

where Xi,-R('5) = Xj {^~^^) with xo such that Xo{s) = for s G [—1/2, 1/2] and xo{s) = 1 
for \s\ > 1. We have: 



-^\Ji<P\^dt< [ l|Jixo,R<Apdt+ [ \.hxi,R<P\^ dt, 
J- + •s Jn s Jn 

By the one dimensional Hardy inequality, we get: 

/ ^\JiXoM\^ < 4 [ Jf{ds\xoM\fdt<A [ jf{V\xoM\fdt. 

Jfl s Jq 

The diamagnetic inequality (see [El Chapter 2]) implies that: 

/ J?MxoM\fdt< [ j2|(-iV + A)xo,i?0|'dt. 
Jn Jn 
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We infer: 



1 + s Jq Jn 

We apply (|5.ip to Xi,r4' aiid we get: 

/ j2|(-fV + A)xi,fl</>pdt= / |(-iV + A)JiXi,fl0pdi-AP'^(a;) / j2|xi,ij</.p dt 
Jn Jn Jn 



and we deduce: 



{XY"{B,Q{R))-XY"{uj)) [ |JiXi,i?</'|'dt< /" j2|(_iV + A)xi,R0pdt, 

where AP"^(B, denotes the lowest eigenvalue of the magnetic Dirichlet Laplacian on 

il.{R). The diamagnetic inequality implies (see again \13\ Prop. 2.1.3]) that we have a 
strict increasing of the energy in presence of a magnetic field {R > Rq): 

xY"{B,n{R)) > xY"{o,n{R)) > a?'^(w). 

We infer: 

/ |Jixi,ij0pdt< (A?'^(B,J](i?))-A?'^H)"' / j2|(-iV + A)xi,ij0pdt 
Jn ^ ^ Jn 



so that: 



-^|Ji(/>|2dt <4 / j2|(_iV + A)xo,iJ</>l'dt 

+ (a?'^(B, m)) - A?'^H) ' ^ Jl\{-iy + A)xi,/?0|' dt. 



We deduce that: 



where: 



Qi?,A('A)= /" Ji'IHv + A)xo,/?</'pdt+ / Jl\{-iv + ^)xlM? dt. 

Jn Jn 
Let us write a formula in the spirit of the so-called "IMS" formula (see [HI Chapter 3]): 

((_iV + A) j2(-iV + A)</., xIr4>) = {Jl{-i^ + A)</., (-iV + A)4^<A) 

= (Xi,/?^i'(-^V + A)(/>, -i(Vxj,i?» + (Ji'xi,/?(-«V + A)<^, (-iV + A)(xj,fl</>)). 

Then, we get: 

{x,,RJl{-i^ + ^)^, -^(Vxi,/?)'/') + (Jf Xj,ifX-^V + A)0, (-iV + A)(xj,fl0)) 

= (Jf (-iV + A)(xj,i?./)), -^(Vx,,^)^) + (Ji'xi,il(-«V + A)<^, (-iV + A){xjM))- 

- WJiVxjMf. 

We deduce that: 

^{{{-iw + + a)c^,xIr4>)) = [ \M-iV + ^){xjM)\^ - WJi'^XjMf 

Jn 
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and thus: 

2 

K (((-iV + A) j2(-iV + A),/., 4>)) = Qr,a{^) - E ll«^iVXi,R</'f • 



We notice that: 



2 f 

y\ WJiVxjMf < CR-^ / \M? dt. 

= 1 •''^(i?) 



Moreover, by using Lemma |5. II and the min-max principle, we find: 

\^"'^''\B,n{R)) [ \Mfdt< [ jfj(-iV + A)0|2dt + A?'^(l^) / J?|<^pdt 
Jn(R) Jn{R) Jn(R) 

so that: 

|Ji0pdt< (A°'^'^'"(S,J7(iZ)) - A?'^H))~^ / jf|(-iV + A),^pdt. 

bmce we have XY"{B,n{R)) > '^"'^(S, we conclude that: 

1 



1 + s- 



:\Ji<P\'dt 



< (l + Ci2-2)max(^4, (A^'^'^'"(B,fi(i?))-A?'^(a;)) j jf\{-iV + A)(P\'^dt. 
5.2 Proof of Proposition \2A0\ 

This section is devoted to the proof of Proposition 12.101 We can write: 

D^, = \d+£{s,t), 

where £ is smooth and compactly supported in K and satisfies \£\ < Ce. We deduce that 
the metrics induced by satisfies: 

G-^ = \d + £{s,t), 

where £ is smooth and compactly supported in K and such that \£\ < Ce. The new vector 
potential becomes As = + £{s,t). Let us introduce a smooth cutoff function x being 1 
on K. The quadratic form on the perturbed tube is given by: 

QA.,eW= f {G~\-iV + Ae)^,{-iV + As)^)\ge\^/^dt 

and we get, for i/j G CQ°{i}): 

Jn 

> f |(_^v+A)V'Pdt-A?'^H / \i^\'dt-Ce [ x\-iV+AM''dt-Ce [ xVi'dt. 
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This can be rewritten in the form: 



n Jn 

-Ce(f x\-iy + AeWdt-\f\uj)f Ix^pdt 
\JQ. Jn 

-Ce [ x'l^l'dt. 
Jn 

Then, the fohowing identity holds: 

x\-iS/ + Ae)i^\^dt= [ \{-iV + Ae)Un^dt- [ \{Vx)^P\^dt+\ [ A{x^M^ dt. 
n Jn Jn ^ Jn 

We deduce that: 

QA,e(V')-A?'^H / \^P\^\ge\dt>qe{^p)-CeqeUi^)-C [ x'lV'Pdt, 
Jn Jn 

where x is a smooth cutoff function supported on a compact shghtly bigger than K and 
where is defined by: 

iDir/ ,\ / I ;,|2 



(?,(V)= / li-iV + AeWdt-X^'^iu) / IV'l^dt. 

Jn Jn 
Writing tj; = Jiip with if G C^{0,), we recall that: 

qe{xi^)= [ jf\{-iV + Ae)x'p\^dt. 

Jn 

We infer an upper bound in the form: 

<7,(XV)<2 / j!\{-iV + Ae)^\^dt + C [ x^\ip\^dt = 2qe{i^) + C [ x'lv'i'di. 
Jn Jn Jn 

We deduce: 

QA,.W-A?'^(a;) / \i^\^\ge\dt > {1 - Ce)q,{^l^) - Ce [ xVi'dt. 
Jn Jn 

We again notice that: 

qeW = I Jl\{-iV + Ae)^? dt 



n 



so that: 



qe{il^)>{l-e) I Jl\{-iV + K)^\^dt-Ce [ xVM^ dt. 
Jn Jn 

We get: 

Dir/, X / l;.|2i I / 1/ -w , A\„;.|2i. xDir 



QA,.W-ArM / m9e\dt>{l-Ce)[ / |HV + A)^|^dt-ArM / l^rdi 

-Ce [ xVi'dt. 
Jn 

We use the magnetic Hardy inequality: 

[ |(-iV + A)V'pdt-A?'^(a;) / dt > [ M^l^pdt. 
Jn Jn Jn 1 + 

to infer, for e small enough: 



n 
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5.3 Proof of Proposition 12.111 

In this section we prove Proposition 12.111 We first write: 

Qfl^{^)= I G-\-iV + bA)iP-{-iV + bA)ilj\g\^^^dt. 
We split this integral into two parts: 

nf^[^(V)= / G~\-iV + bA)ij-i-iS/ + bA)ij\g\^/^dt 

+ / G~\-iV + bA)^lj ■ {-iV + bA)ij bl^/^ dt 
Jn\n(B.n) 



'n\n{B.o) 

Since the curvature is zero on \ Q{Rq), we have: 

/ G-\-iV + bA)ij ■ i-iV + bA)i^ \g\^/^ dt = [ |(-iV + 6A)V'P dt. 
Jn\n(Ro) Jn\n{E^o) 

and the diamagnetic inequality implies that: 

|(-iV + 6A)Vpdt > A?'^(w) / |Vpdt = A?'^H / li^]"^ \g\^/^ dt. 
n\n{Ro) Jn\n{Ro) Jn\n{Ro) 

Moreover we have: 

/ G-\-iV + bA)iP ■ {-iV + bA)il^\g\^/^ dt> X^'"^^^"{bB,n{Ro)) [ |Vp bl^^^ dt, 

where a5^"^''^^"(6B, Q(i?o)) is the lowest eigenvalue of the magnetic Laplacian (— zV + 6A)2 
defined on <I>(r2(i2o)) with Neumann condition on ^{\s\ = Rq). Since the magnetic field 
does not vanish on r2(i?o), it is standard to establish (see \13\ Section 1.4.3]) that there 
exists c, 6o > such that for b > bo, we have: 

xY"'^'\bB,n{Ro)) > cb inf ||B(x)||, 

where ||B(x)|| is the norm of B defined in |13| Section 1.4.3]. For b such that we have 
cb inf ||B(x)|| > A?''(a;), we get the conclusion. 

xG*(n(_Ro)) 
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